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A Study of Two-Body S t rong  

I n t e r a c t i o n s  of Elementary P a r t i c l e s  

By J. Edwin Rush, Jr. 

Th i s  r e p o r t  summarizes work done under NASA g r a n t  NGR 01- 

002-063 dur ing  t h e  pe r iod  27 January  1969 t o  1 May 1970. 

The Process  ~ " p  +M0: 

192 Work on A -  K product ion  has  been publ ished previously.  

It  concerned t h e  c a l c u l a t i o n  of c r o s s - s e c t i o n  and p o l a r i z a t i o n  

d a t a  by determining t h e  coupl ing  parameters  i n  a pole  resonance 

model, u s ing  a computer program t o  va ry  parameters  and f i t  t h e  

da ta .  I n  t h e  former work' t h e  f i t  was accomplished i n  a simple 

manner by d i r e c t  c a l c u l a t i o n  and manual v a r i a t i o n  of parameters.  

I n  t h e  l a t t e r  , f i t t i n g  was done us ing  a subrout ine  SEARCH obta ined  

by t h e  au thor  from a co l l eague  a t  Vanderb i l t  Un ive r s i ty .  The r e s u l t s  

2 

of t h i s  paper have r e c e n t l y  been inco rpora t ed  i n  t h e  compi la t ion  

of  Rosenfeld,  e t  a ~ ~ ,  who quote  p a r t i a l  wid ths  f o r  decay i n t o  ,i .. K O  

of t h e  r e sonan t  states: D (1670) ,  F15(1688), S11(1700), pl1(1780) 9 

and p13(1860). 

and P13, t h e  only  v a l u e s  a v a i l a b l e .  

15 

pH' These are t h e  most r e l i a b l e  and,  f o r  t h e  S l l ,  

During t h e  r e p o r t i n g  per iod  t h e  p r i n c i p a l  i n v e s t i g a t o r  used 

two more-elaborate  computer programs f o r  performing f i t s  by "chi-  

square" minimizat ion.  One minimizes t h e  f u n c t i o n  X given by 
2 

2 2  X 2 = I : ( D i  2 - Ei)/Ai 
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where Di i s  a c a l c u l a t e d  c r o s s - s e c t i o n  o r  p o l a r i z a t i o n  v a l u e ,  Ei 

i s  a corresponding experimental  d a t a  p o i n t ,  and Ai  i s  t h e  e x p e r i -  

mental  e r r o r .  One program, M I N F U N  i s  capab le  of performing a 

r o u t i n e  sea rch  of t h e  parameter space and converging on each mini- 

mum i n  tu rn .  The o t h e r ,  MINUIT , performs a Monte Car lo  sea rch  of 

t h e  parameter space b e f o r e  minimizing. Both programs were modif ied 

t o  r u n  on t h e  UNIVAC 1108 computer and w e r e  checked wi th  t h e  o r i g i n a l  

A -  K c a l c u l a t i o n  used i n  Ref. 2. 
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The r e s u l t s  of Ref. 2 involved t h e  u s e  of form f a c t o r s  on pole  

t e r m s  t o  res t r ic t  t h e i r  c o n t r i b u t i o n s  a t  e n e r g i e s  near  t h e  upper 

l i m i t  of t h e  c a l c u l a t e d  range,  which w a s  1613 MeV ( t h r e s h o l d )  t o  

1840 MeV t o t a l  center-of-mass energy. It w a s  i n t e r e s t i n g  t o  s e e  

i f  an  a c c e p t a b l e  s o l u t i o n  cou ld  be ob ta ined  without  form f a c t o r s  but  

w i t h  t h e  NAK coup l ing  c o n s t a n t  no longer he ld  c o n s t a n t  a t  a va lue  

of 13.5 ( s i n c e  t h e r e  i s  c o n s i d e r a b l e  d i s p u t e  over t h i s  v a l u e ) .  

produced minima w i t h  r e l a t i v e l y  low v a l u e s  of X 2  f o r  both f i x e d  and 

v a r i a b l e  NAK coupl ing.  The h i g h e s t  v a l u e  of t h e  v a r i e d  coup l ing  

c o n s t a n t  w a s  - 7.5. There w e r e ,  of cour se ,  some v a r i a t i o n s  i n  t h e  

M I N U I T  

resonance coup l ing  parameters  from t h e  prev.ious r e s u l t s  ( R e f .  2 ) .  

Unfo r tuna te ly ,  t h e s e  r e s u l t s  f o r  t h e s e  minima showed a s t r o n g  i n c r e a s e  

i n  t h e  t o t a l  c r o s s - s e c t i o n  j u s t  beyond t h e  c a l c u l a t e d  energy range,  

due t o  t h e  s t r o n g  c o n t r i b u t i o n  of t h e  p o l e  t e r m s  w i th  no form f a c t o r s .  

These r e s u l t s  are,  as  y e t ,  unreported.  

Add i t iona l  work on A -  K product ion w a s  s t i m u l a t e d  by a p r e p r i n t  

of a paper by Van Dyck, e t  a l . ,  which w a s  later published.6 

a u t h o r s  r e p o r t e d  a s h a r p  peak i n  t h e  t o t a l  A -  K c r o s s - s e c t i o n  near 

These 

0 



3 

t h e  2 -  K t h r e s h o l d ,  and suggested the p o s s i b i l i t y  t h a t  t h e  peak 

might be a m a n i f e s t a t i o n  of a cusp  e f f e c t  due t o  t h e  opening of 

t h e  X - K channel .  The p r i n c i p a l  i n v e s t i g a t o r  wrote  a computer 

program t o  c a l c u l a t e  p a r t i a l  w a v e  ampl i tudes  f o r  x-p +. iK 

parameters  d i scussed  previous ly .  The S-wave ampli tude w a s  t hen  

s t u d i e d  t o  see whether t h e  expected cusp  could  reasonably  produce 

an i n c r e a s e  of -30% i n  t h e  t o t a l  c r o s s - s e c t i o n ,  i n  agreement wi th  

Ref. 6. It w a s  concluded t h a t  such an i n c r e a s e  would r e q u i r e  a 

q u i t e  unusual behavior  of t h e  K-matrix ampli tude,  which are expected 

t o  va ry  smoothly i n  t h e  cusp  r eg ion .  

r e c e n t l y  r epor t ed .  

0 us ing  

These r e s u l t s  have been 

Fur the r  work on t h e  peak phenomenon w i l l  r e q u i r e  

very  a c c u r a t e  a n g u l a r - d i s t r i b u t i o n  and p o l a r i z a t i o n  d a t a ,  which are 

a s  y e t  unavai lab le .  

Form Fac to r s  i n  t h e  Pe r iphe ra l  Model: 

8 Another r e c e n t  paper on t h e  use of form f a c t o r s  t o  compensate 

f o r  Kronecker-6 t e r m s  i n  t h e  p e r i p h e r a l  model r e c a l l e d  some r e s u l t s  

of po le  t e r m  c a l c u l a t i o n s  i n  A - K 0 product ion by t h e  p r i n c i p a l  

i n v e s t i g a t o r .  These showed t h a t  Feynman techniques  w e r e  incompatible  

w i t h  d i s p e r s i o n - r e l a t i o n  r e s u l t s  f o r  h ighe r  s p i n  p a r t i c l e s  ( s p i n  -1 

and above). The d i s p e r s i o n - r e l a t i o n  r e s u l t s  do not  c o n t a i n  unwanted 

Kronecker-6 c o n t r i b u t i o n s ,  which have r e q u i r e d  form f a c t o r s  f o r  t h e i r  

suppression.  Th i s  f a c t  w a s  t hen  poin ted  out  i n  a subsequent paper. 

The P rocesses  rN + 2 K :  

The major p o r t i o n  of t h e  work under NGR 01-002-063 w a s  concerned 

4- + +  - + 
with  t h e  processes  x p + C K , x p -+Z°Ko, and r -p  + Z-K . These 

processes  w e r e  s t u d i e d  j o i n t l y ,  i n  a manner s imi la r  t o  t h a t  used f o r  
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0 7-p +hK - 
r e l a t e  t h e  t h r e e  processes  by two independent i s o s p i n  states. 

Charge independence ( i s o s p i n  conse rva t ion )  w a s  used t o  

A l l  a v a i l a b l e  d a t a  below 2045 MeV center-of-mass energy w e r e  

surveyed, and 451 d a t a  p o i n t s  ( d i f f e r e n t i a l  c r o s s - s e c t i o n  or  p o l a r i z a -  

t i o n )  a t  about  20 d i f f e r e n t  e n e r g i e s  w e r e  s e l e c t e d  f o r  t h e  f i n a l  

c a l c u l a t i o n s -  (The energy l i m i t  w a s  chosen t o  be one ha l f -wid th  

above t h e  mass of t h e  F (1940) resonance.)  Data which w e r e  omit ted 

involved t o o  few even t s  t o  be meaningful,  were unnormalized (no t o t a l  

c r o s s - s e c t i o n ) ,  o r  w e r e  not  unambiguously def ined .  The d a t a  s e l e c t e d  

are summarized i n - T a b l e  I. 

37 

10-29 

Resonances used i n  t h e  model are  g iven  i n  Table 11. They w e r e  

chosen i n  accord  w i t h  r e s u l t s  of phase - sh i f t  ana lyses  of 7 - N scat ter-  

ing ,  a s  given i n  Ref. 3 and previous  v e r s i o n s  of t h e  same  r e p o r t .  

Masses and wid ths  of resonances w e r e  t aken  from t h e  1969 average  va lues .  

The n e a r e s t  po le s  i n  each channel  were inc luded  as background. These 

are t h e  nucleon pole  i n  t h e  S channel ,  t h e  l a n d  Z po les  i n  t h e  u 

channel ,  and t h e  K* pole  i n  t h e  t channel .  The most obvious omission 

i s  t h a t  of t h e  K** ( s p i n  2) whose i n c l u s i o n  would have added 5 a d d i t i o n a l  

parameters  t o  t h e  15  parameter model ( t h e  o the r  parameters  are  resonance 

30 

and po le  coupl ings) .  It i s  r easonab le  t o  expect  t h a t  t h e  a d d i t i o n  of 

t h e s e  5 parameters  would not  s i g n i f i c a n t l y  improve t h e  f i t ,  and t h a t  

i f  one does not  t a k e  t h e  K+c coupl ing  c o n s t a n t s  t o o  s e r i o u s l y ,  t hen  

t h e  K* g i v e s  a reasonable  r e p r e s e n t a t i o n  of t -channel  s i n g u l a r i t i e s .  

The form of resonance and po le  c o n t r i b u t i o n s  fo l lows  R e f .  2.  The con- 

ven t ion  on coupl ing  c o n s t a n t s  i s  i n  accord w i t h  Sakurai .  31 

A subrout ine  t o  be used i n  M I N U I T  w a s  w r i t t e n  and modif ied f o r  

MINFUN.  It c a l c u l a t e s  d i f f e r e n t i a l  c r o s s - s e c t i o n s  and p o l a r i z a t i o n s  
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f o r  a l l  t h r e e  processes ,  i nco rpora t ing  charge  independence, and 

g i v e s  t h e  f u n c t i o n  X as  output .  Monte Car lo  c a l c u l a t i o n  w i t h  

a r b i t r a r y  inpu t  w a s  performed by M I N U I T ,  producing t h e  15 b e s t  

va lues  of X and of t h e  parameters  x . A minimum w a s  t hen  found 

f o r  each of t h e  15 inpu t s .  For comparison, several minimum r e g i o n s  

w e r e  a l s o  found w i t h  MINFUN and t h e i r  minima obtained.  There r e -  

s u l t e d  6 d i s t i n c t  minima w i t h  X v a l u e s  as  shown i n  Table 11. If 

one d e f i n e s  N = (no. d a t a  p o i n t s )  - (no. a d j u s t a b l e  parameters) ,  so  

t h a c  N = 436, t hen  t h e  va lue  of $1 X / N  obtained from Minimum A i s  1.7.  

2 

2 
i 

2 

It i s  necessary  t o  know decay asymmetry parameters  f o r  A+px- 

0 + o  (from X -j AY) and f o r  P + x p, s i n c e  t h e  p o l a r i z a t i o n s  are  d e t e r -  

mined by the decay asymmetry i n  t h e s e  processes .  

were t aken  t o  be,  r e s p e c t i v e l y ,  - 0.647 and 1.0,  i n  accord w i t h  R e f .  

30. 

asymmetry parameter f o r  P- decay i s  almost zero.  

formula f o r  t h e  par t ia l -wave  resonances c o n t a i n s  an i n t e r a c t i o n  r a d i u s  

R which w e  chose as  1 Fermi. The resonance parameters  x are r o o t s  

of products  of reduced wid ths  m u l t i p l i e d  by R and a r e  a l s o  g iven  i n  

Table  11, a s  are t h e  pole  parameters ,  i nc lud ing  both vec to r  and 

These parameters  

The X- p o l a r i z a t i o n  must be measured by s c a t t e r i n g ,  s i n c e  t h e  

The Breit-Wigner 

2 
i 

t e n s o r  K* c o n t r i b u t i o n s .  

Various resonance parameters ,  incl-uding those  taken  from Ref. 

30 and t h e  r e s u l t s  of  Minimum A are shown i n  Table  111. The most 

remarkable r e s u l t  i n  Table  111 i s  t h e  extremely low va lue  of t h e  

reduced width f o r  t h e  F37(1940). 

a dominant e f f e c t  i n  s impler  models 32-34 f o r  x p + 2 K . 
work by Feuerbacher and H ~ l l a d a y ~ ~ ,  i nco rpora t ing  t h e  p o s s i b l e  

P33(1688) and D35(1954) and t h e  well-known P33(1236) i n  a d d i t i o n  t o  

Th i s  resonance was found t o  have 

+ + +  
Recent 
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t h e  5 T = 3 /2  resonances  used i n  t h i s  model, gave Y 

t h e  F37(1940). 

t h e  l a r g e s t  v a l u e  obta ined  i s  1.4 X 10 

= 0.004 f o r  ZK 
Of a l l  t h e  minima i n  t h e  p re sen t  model, however, 

-3 ( f o r  Minimum F).  

W e  no te  t h a t  Feuerbacher and Holladay obta ined  a reduced width 

f o r  t h e  P33(1688) c o n s i s t e n t  w i t h  zero ,  i n  agreement wi th  i t s  omission 

from t h e  p re sen t  model. They f i n d  va lues  of 1.04 and 1.99 f o r  t h e  

P33(1236) and t h e  D35(1954), however. 

wh i l e  t h e  former probably g i v e s  a much smaller c o n t r i b u t i o n ,  because 

3 The l a t t e r  resonance i s  suspec t  

t h e  Breit-Wigner resonance formula has  been found t o  g ive  resonance 

t a i l s  which are much t o o  l a rge .  36 

t h e  Pll(  l470) ,  t h e  D13( 1520), t h e  Sl1( 1550),  and t h e  P33( 1236) w e r e  

omit ted from t h e  p re sen t  model. Indeed, one can  ques t ion  whether 

I t  w a s  f o r  t h e  l a t t e r  r eason  t h a t  

t h e  S31(1630), t h e  D15(1675), and t h e  F 

suppressed somehow a t  t h e  h igher  ene rg ie s .  

s t u d i e s  of 7r-p -+ n738 and 7r-p -+ AKo 

(1690) ought not  t o  be 15 

Deans37 has  r epea ted  t h e  
2 

w i t h  resonant  ampl i tudes  damped 

by exponen t i a l s  beyond one ha l f -wid th  above t h e  resonant  mass. H e  

found t h a t ,  f o r  t hose  resonances  a c t u a l l y  i n  t h e  energy r e g i o n  s tud ied ,  

t h e  f i t s  were b e t t e r  bu t  t h e  reduced wid ths  w e r e  e s s e n t i a l l y  unchanged. 

This  makes one l e s s  dubious about t h e  treat ,ment of t h e  S 31’  D 1 y  and 

i n  t h e  p re sen t  model, bu t  l e a v e s  cons ide rab le  doubt about  t h e  F1 5 

i n t e r p r e t a t i o n  of t h e  P-wave parameters  i n  Ref.  35, as  wel l  as s e r i o u s  

ques t ion  about  t h e  in f luence  of t h e  D which may be spurious.  I f  

one con t inues  t h e  comparison of reduced wid ths ,  however, one f i n d s  

35’ 

r easonab le  agreement i n  t h e  case of t h e  S and t h e  P but  t h e  

reduced wid ths  obta ined  i n  Ref. 35 f o r  t h e  D 

t han  those  of t h e  p re sen t  model. 

31 31’ 

and F35 are  much smaller  33 
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There have been no s i g n i f i c a n t  s t u d i e s  of t h e  resonance r e g i o n  

of r p + Z  K of t h e  type  r e p r e s e n t e d  by Ref. 32-35. A phase - sh i f t  

a n a l y s i s  

3 +  

14’ 26 t h e  t h r e e  p rocesses  and two a n a l y s e s  of 
38 + + +  

of r p 4 2 K 

j o i n t l y  are inconclusive.  

r e s u l t s ,  i t  i s  intended t h a t  t h e y  be submit ted f o r  p u b l i c a t i o n  i n  

t h e  P h y s i c a l  Review. 

A f t e r  f u r t h e r  a n a l y s i s  of t h e  p r e s e n t  
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Table  I. Data used i n  t h e  s tudy  of T N  -2,K. + + +  - 0 0  
($, 0, -) refer t o  

T P + 2, K , T p +2, K , and r -p  + 2,-K , r e s p e c t i v e l y .  

No. P o i n t s  . No. Events Momenta 
Reference P rocess  MeVfC dufdfl p (e )  

10 
11 
11 
11 
1 2  
13 
13 
14 
14 
1 5  
15 
16 
1 7  
18 
19 
19 
19 
19 
20 
20 
2 1  
2 1  
2 1  
21  
22 
23 
24 
25 
25 
25 
26 
27 
28 
28 
28 
28 
29 
24 
25 
25 
25 

+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ + 
+ 
+ 
+ 
+ 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 - - - - - - - 
I - 
I - 

1053 
1111 
1206 
1265 
1170 
1222 
1393 
1350 
1430 
1390 
1760 
1490 
1590 
1170 
1128 
1235 
1277 
1326 
1170 
1320 
1225 
1275 
1325 
1365 
1508 
1500 
1590 
1500 
1600 
1700 
1130 
1145 
1125 
1225 
1275 
1325 
1170 
1590 
1500 
1600 
1700 

10 
10 
10 
10 
20 
10 
10 
20 
20 
10 
10 
10 
10 
10 
10 
10 
10 
10 

9 
10 
10 
8 
9 

10 

1 2  
1 2  

12 

10 
10 
10 
10 
10 
10 
10 
10 
10 

274 
5 259 
5 340 
5 296 
5 251 

227 
52 

256 
277 

56 
64 

192 
5 9 18 

756 
2 56 
314 
168 

7 846 
8 919 
2 
2 44 
2 78 
2 50 

134 
3 2 53 

65 

70 

7 
1 

46 5 
216 
237 
156 

1338 
28 5 



1 2  

a 
Table T I .  Pole  and resonance parameters f o r  'nd iv idua l  minima. A l l  -5 

numbers should be m u l t i p l i e d  by 10 e 

Minima 

Resonance 
or Pole  A B C D E F 

2.68 

4.09 

-6.10 

-1.38 

0.023 

-8.58 

4.54 

-0.720 

-1 89 

-1.22 

11.5 

-51 8 

61.0 

-14.9 

21.3 

1317 

-2.48 

-4.06 

-0.967 

3.15 

-0.621 

8.94 

-1.66 

-0.446 

3.50 

8.13 

47.6 

-17.7 

-69.3 

9.14 

1.29 

1409 

1.34 

1.33 

7.57 

2.36 

0.383 

7.89 

2.96 

2.87 

3.71 

5.14 

5.69 

80.8 

60.2 

12.8 

3.19 

1525 

-0 0900 

-1.53 

7.37 

2.65 

0.401 

-7.40 

-3.40 

3.04 

-4.01 

-4.24 

15.8 

74.5 

-71.6 

16.6 

-6.35 

1 .82  

-1.56 

2.33 

1.53 

-0.101 

-8.40 

-1.47 

3.17 

-2.52 

-0.797 

6.45 

55.4 

-56.4 

1.34 

1.56 

1.09 

1.30 

-0.867 

3.57 

-10.13 

-1.74 

0.409 

1.81 

25.3 

-25.1 

18.7 

-0.0850 -11.2 

-5.75 -30.0 

1535 1651 1712 

a 3. 
Resonance parameters a r e  R(Y Y ) '  where  R i s  t h e  i n t e r a c t i o n  r a d i u s  "N ZK and Y ' s  a r e  reduced widths .  Pole  parameters a r e  g1g2/4". 
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